
 

Rhomb population totals 
k
ρρρρ  and 1k+ρρρρ in generations k and k+1 

Theorem 

Let                                                                                                     

 ( (1), (2), (3)) , where ( ) ( 1,2,3; 1,2,...)
k k k k k

i i kρ ρ ρ ρ= ∈ = =Nρρρρ   (1) 

 (sin / 7, sin2 / 7, sin3 / 7)π π π=S   (2)                  

 ( 1,2,...)
k k
A k= ⋅ =ρρρρ S   (3)  
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    
    

E =    (4) 

 1 ( 1,2,...)
k 2 k

k+ = =ρ ρρ ρρ ρρ ρE   (5)                          

Then   

 
2

1 / (1 2cos / 7) ( 1,2,...)
k k
A A kπ+ = + =    (6)    

Proof 

 1 1k k
A + += ⋅ρρρρ S

                                                                                                          (7)

  =
2 k
ρρρρE ⋅S      (8)

         = (2 (1) 2 (2) (3), 2 (1) 3 (2) 3 (3), (1) 3 (2) 5 (3))
k k k k k k k k k
ρ ρ ρ ρ ρ ρ ρ ρ ρ+ + + + + + ⋅ S          (9)

  

[2 (1) 2 (2) (3)]sin / 7

[2 (1) 3 (2) 3 (3)]sin 2 / 7

[ (1) 3 (2) 5 (3)]sin3 / 7

k k k

k k k

k k k

ρ ρ ρ π

ρ ρ ρ π

ρ ρ ρ π

= + +

+ + +

+ + +
    (10) 

   

[2 (1) 2 (2) (3)]cos5 /14

[2 (1) 3 (2) 3 (3)]cos3 /14

[ (1) 3 (2) 5 (3)]cos /14

k k k

k k k

k k k

ρ ρ ρ π

ρ ρ ρ π

ρ ρ ρ π

= + +

+ + +

+ + +
    (11) 

        
k k
A = ⋅ρρρρ S           (3)  

        (1)sin / 7 (2)sin 2 / 7 (3)sin 3 / 7
k k k
ρ π ρ π ρ π= + +           

        (1)cos5 /14 (2)cos3 /14 (3)cos /14
k k k

ρ π ρ π ρ π= + +     (12) 

Then 
2

(1 2cos / 7)
k
Aπ+  

             [3 4cos / 7 2cos 2 / 7]
k
Aπ π= + +  

[3 4cos / 7 2cos 2 / 7][ (1)cos5 /14 (2)cos3 /14 (3)cos /14]
k k k

π π ρ π ρ π ρ π= + + + +     (13)

    

 



3 (1)cos5 /14 3 (2)cos3 /14 3 (3)cos /14
k k k
ρ π ρ π ρ π= + +

4 (1)cos5 /14 cos2 /14 4 (2)cos3 /14 cos2 /14 4 (3)cos2 /14 cos /14
k k k

ρ π π ρ π π ρ π π+ + +

2 (1)cos5 /14 cos4 /14 2 (2)cos4 /14 cos3 /14 2 (3)cos4 /14 cos /14
k k k

ρ π π ρ π π ρ π π+ + +        (14) 

3 (1)cos5 /14 3 (2)cos3 /14 3 (3)cos /14
k k k
ρ π ρ π ρ π= + +  

2 (1)cos3 /14 2 (2)[cos5 /14 cos /14] 2 (3)[cos3 /14 cos /14]
k k k

ρ π ρ π π ρ π π+ + + + +  (15)

(1)[cos /14 cos5 /14] (2)cos /14 (3)[cos5 /14 cos3 /14]
k k k

ρ π π ρ π ρ π π+ − + + +  

[2 (1) 2 (2) (3)]cos5 /14

[2 (1) 3 (2) 3 (3)]cos3 /14

[ (1) 3 (2) 5 (3)]cos /14

k k k

k k k

k k k

ρ ρ ρ π

ρ ρ ρ π

ρ ρ ρ π

= + +

+ + +

+ + +
 (16)

 

[2 (1) 2 (2) (3)]sin / 7

[2 (1) 3 (2) 3 (3)]sin 2 / 7

[ (1) 3 (2) 5 (3)]sin3 / 7

k k k

k k k

k k k

ρ ρ ρ π

ρ ρ ρ π

ρ ρ ρ π

= + +

+ + +

+ + +
 (17) 

1kA +=
    (18)
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